Motivated by conformal field theory studies we investigate Quantum Einstein Gravity with a new field parametrization where the dynamical metric is basically given by the exponential of a matrixvalued fluctuating field, gµν =ḡµρ(e h ) ρ ν . In this way, we aim to reproduce the critical value of the central charge when considering 2+ǫ dimensional spacetimes. With regard to the Asymptotic Safety program, we take special care of possible fixed points and new structures of the corresponding RG flow in d = 4 for both single-and bi-metric truncations. Finally, we discuss the issue of restoring background independence in the bi-metric setting.
I. INTRODUCTION
Conventional quantum field theories in flat space require the Minkowski metric η µν as an indispensable background structure in order to introduce a notion of time and causality, and to construct actions with interesting "nontopological" and covariant terms. Many concepts known for the flat case can be generalized and transferred to curved spacetimes, where the metric g µν assumes the role of the crucial background arena all invariants of the theory can be constructed in. In quantum gravity, however, there is a fundamental conceptual difficulty since the metric itself is a dynamical field now, having the consequence that, a priori, the arena does not exist.
An elegant way out of this problem is provided by the introduction of a nondynamical background metricḡ µν that is kept arbitrary and that serves as the basis of nontopological covariant constructions. The dynamical metric g µν is then parametrized by a combination of this background and some dynamical field(s). The crucial idea is that -due to the arbitrariness of the background -in the end all physical quantities like scattering amplitudes must not depend onḡ µν any more. This bootstrap argument is one implementation of background independence, a property that must be satisfied by any meaningful theory of quantum gravity. Its application has led to great successes in many different physical situations.
As a consequence of background arbitrariness, also the way in which the dynamical metric is parametrized is not determined without assuming or knowing the fundamental degrees of freedom and without having defined a fluctuating field. The most famous choice of parametrization is the standard background field method, where the dynamical field undergoes a linear split into background plus fluctuation [1] . This has turned out to be a powerful technique in many quantum field theory calculations, in particular in non-Abelian gauge theories. In the context of gravity it reads g µν =ḡ µν + h µν ,
(1) * nink@thep.physik.uni-mainz.de where the fluctuating field h µν is a symmetric tensor. In the following we refer to this split as standard parametrization.
As an example for a different choice of parametrization we can consider the nonlinear relation [2] g µν = e 
with invertible matrix-valued fields e a µ . In the vielbein formalism for instance [3, 4] , the dynamical metric g µν is parametrized by g µν = e a µ e b ν η ab , together with e a µ = e a µ + ε a µ , so the fluctuations ε a µ around the background fieldē a µ contribute nonlinearly to g µν . Recently yet another parametrization has aroused increased interest. Although it is a nonlinear relation, too, it does not introduce more independent components than contained in g µν . Here, the metric is determined by the exponential of a fluctuating field,
Again,ḡ µρ denotes the background metric, and h is a symmetric matrix-valued field, h µν = h νµ (or h µ ν = h ν µ with the shifted index position). As usual, indices are raised and lowered by means of the background metric. In this work we refer to the exponential relation (3) as new parametrization.
There are several reasons coming from different directions that strongly motivate the use of this new parametrization.
i) The first argument is a geometric one. As we prove in appendix A, there is a one-to-one correspondence between dynamical metrics g µν and symmetric matrices h. (Note that we consider Euclidean signature spacetimes throughout this paper, so metrics are positive definite.) That means that, given a dynamical and a background metric, g µν andḡ µν , respectively, there exists a unique symmetric matrix h satisfying equation (3) . If, on the other hand,ḡ µν and a symmetric h µν are given, then g µν defined by g µν =ḡ µρ (e h ) ρ ν is symmetric and positive definite, so it is again an admissible metric. As a consequence, a path integral over h µν captures all possible g µν , and no g µν is counted twice or even more times. The matrices h can be seen as tangent vectors corresponding to the space of metrics and equation (3) as the exponential map (even though not using the Vilkovisky-DeWitt connection). Due to the positive definiteness of g µν guaranteed by construction, the new parametrization seems to be preferable to the standard one.
ii) Our main motivation comes from an apparent connection to conformal field theories (CFT). To see this, we examine a path integral for two dimensional gravity coupled to conformal matter (i.e. to a matter theory that is conformally invariant when the metric is flat) with central charge c. Here it is sufficient to consider matter actions constructed from scalar fields. Then c is just the number of these scalar fields. As shown by Polyakov [5] , the path integral decomposes into a path integral over the conformal mode φ with a Liouville-type action times a φ-independent part. Owing to the integral over FaddeevPopov ghosts, the kinetic term for φ comes with a factor of (c − 26), reflecting the famous critical dimension of string theory. If, finally, the implicit φ-dependence of the path integral measure is shifted into the action, the kinetic term for φ gets proportional to (c − 25) [6] . For this reason we call
the critical central charge at which φ decouples. How is that related to Asymptotic Safety? Let us consider the renormalization group (RG) running of the dimensionless version of Newton's constant, g, now slightly away from two dimensions, d = 2+ǫ. Already a perturbative treatment shows that the β-function has the general form
up to order O(g 3 ) [7] , leading to the non-Gaussian fixed point
It turns out that the coefficient b depends on the underlying parametrization of the metric. Perturbative calculations based on the standard parametrization (1) yield b = 2 3 (19−c), where c denotes again the number of scalar fields [7, 8] . This gives rise to the critical central charge
in the standard parametrization. If, on the other hand, the new parametrization (3) underlies the computation, the critical central charge amounts to [9] c crit = 25.
Since many independent derivations yield c crit = 25, too, it appears "correct" in a certain sense. This result seems to be another advantage of the exponential parametrization. In the present work we investigate if it can be reproduced in a nonperturbative setup. iii) Let us come back to an arbitrary dimension d. Parametrizing the metric with an exponential allows for an easy treatment of the conformal mode which can be separated as the trace part of h in equation (3) 
so the trace part of h gives a conformal factor. Using the matrix relation det(exp M ) = exp(Tr M ) we obtain
where g (ḡ) denotes the determinant of g µν (ḡ µν ). The traceless part of h has completely dropped out of equation (10). Hence, unlike for the standard parametrization, the cosmological constant appears as a coupling in the conformal mode sector only. This will become explicit in our calculations.
iv) The new parametrization might simplify computations and cure singularities that are possibly encountered with the standard parametrization. Here we briefly mention two examples. The RG flow of nonlocal form factors appearing in a curvature expansion of the effective average action in 2 + ǫ dimensions is divergent in the limit ǫ → 0 for small k when based on (1) but has a meaningful limit with equation (3) [10] . Similarly, when trying to solve the flow equations in scalar-tensor theories [11] in d = 3 and d = 4, singularities occurring in a standard calculation can be avoided by using the new parametrization.
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In this work we present a nonperturbative derivation of the β-functions of Newton's constant and the cosmological constant. For that purpose, we study the effective average action within the Einstein-Hilbert truncation, where the metric is replaced according to equation (3) . We will show that the results for the exponential parametrization are significantly different from the ones obtained with the standard split (1). Although we encounter a stronger scheme dependence that has to be handled with care, the favorable properties of the new parametrization seem to prevail, as discussed in the final section.
II. FRAMEWORK
We employ functional RG techniques to evaluate β-functions in a nonperturbative way. The method is based upon the effective average action Γ k , a scale dependent version of the usual effective action Γ. By definition, its underlying path integral contains a mass-like regulator function R k (p 2 ) such that quantum fluctuations with momenta below the infrared cutoff scale k are suppressed while only the modes with p 2 > k 2 are integrated out.
Thus, Γ k interpolates between the microscopic action at k → ∞ and Γ at k = 0. Its scale dependence is governed by an exact functional RG equation (FRGE) [12, 13] ,
where Γ (2) k denotes the second functional derivative with respect to the fluctuating field (h µν in our case). In the terminology of reference [14] we choose a type Ia cutoff, i.e. R k is a function of the covariant Laplacian.
As outlined above, any field theoretic description of quantum gravity requires the introduction of a background metric. Consequently, Γ k is a functional of both g µν andḡ µν in general, i.e. Γ k ≡ Γ k [g,ḡ] . In terms of h the two parametrizations give rise to the functionals
as opposed to
(We adopt the comma notation for Γ k [g,ḡ] and the semicolon notation for Γ k [h;ḡ].) The difference between (12) and (13) is crucial: Since the second derivative Γ (11) is with respect to h, the two parametrizations give rise to different terms according to the chain rule,
where we suppressed all spacetime indices and used the
The first term on the right hand side of equation (14) is the same for both parametrizations, at least at lowest order, because δg µν (x)/δh ρσ (y) = δ (14), however, vanishes identically for parametrization (1) since δ 2 g/δh 2 = 0, whereas the exponential relation (3) entails
leading to additional contributions to the FRGE (11) . Note that these new contributions are proportional to the first variation of Γ k in (14) , so the exponential parametrization gives the same result as the standard one when going on shell. But, due to the inherent off shell character of the FRGE, we expect differences in β-functions and the corresponding RG flow.
Finally, let us comment on gauge invariance and fixing. Starting from relation (3), we observe that (e h ) ρ ν must transform as a tensor under general coordinate transformations, if g µν andḡ µρ transform as tensors. It is possible to show then that h µν transforms in the same way, i.e.
δh µν = L ξ h µν (16) under diffeomorphisms generated by the vector field ξ via the Lie derivative L ξ . In order to be as close to the standard calculations based on (1) as possible [13] , we shall employ an analogous gauge fixing procedure. This can most easily be done by observing that h µν in the standard gauge fixing condition F 
Passing on to the new parametrization, we can choose the g µν -version of the gauge condition, too,
. This version is preferred to the one acting on h µν because, (a) it is hard to solve the true or "quantum" gauge transformation law for δh µν (by solving δg µν = L ξ g µν while δḡ µν = 0), and (b) the g µν -choice leads to the same Faddeev-Popov operator as in the standard case [13] . As a consequence, all contributions to the FRGE coming from gauge fixing and ghost terms are the same for both parametrizations. By virtue of the one-to-one correspondence between g µν and h µν (see appendix A) this gauge fixing method is perfectly admissible.
We present a single-metric computation in section III and a bi-metric [15, 16] analysis in section IV. In the single-metric case, we employ the harmonic gauge condition,
, together with a Feynman-type gauge parameter, α = 1. The bi-metric results are obtained by using the Ω deformed α = 1 gauge [16] . To summarize, we repeat the calculations of [13] and [16] with the new parametrization, where the modifications originate from the gravitational part of Γ k , while gauge fixing, ghost and cutoff contributions remain the same.
III. RESULTS: SINGLE-METRIC
As usual, we resort to evaluations of the RG flow within subspaces of reduced dimensionality, i.e. we truncate the full theory space. Our single-metric results are based on the Einstein-Hilbert truncation [13] ,
Here G k and Λ k are the dimensionful Newton constant and cosmological constant, respectively, Γ [17] for a sharp cutoff, here for the optimized cutoff [18] .)
β g ρσ is the gauge fixing action with F µν α and α as given in the previous section, and Γ gh k denotes the corresponding ghost action with ghost fields ξ andξ. After having inserted the respective metric parametrization into the ansatz (17), the FRGE (11) can be used to extract β-functions.
A. Known results for the standard parametrization
For comparison, we begin by quoting known results for the standard parametrization.
In 4 dimensions the resulting β-functions for the dimensionless couplings
give rise to the flow diagram shown in figure 1. In addition to the Gaussian fixed point at the origin there exists a non-Gaussian fixed point (NGFP) with positive Newton constant, suitable for the Asymptotic Safety scenario [7] . It is also crucial that there are trajectories emanating from the NGFP and passing the classical regime close to the Gaussian fixed point [19] . (In figure 1 one can see the separatrix, a trajectory connecting the nonGaussian to the Gaussian fixed point.) It has turned out that the qualitative picture (existence of NGFP, number of relevant directions, connection to classical regime) is extremely stable under many kinds of modifications of the setup (truncation ansatz, gauge, cutoff, inclusion of matter, etc.) [20] . In particular, changes in the cutoff shape function do not alter the picture, except for insignificantly shifting numerical values like fixed point coordinates.
In d = 2 + ǫ dimensions the β-function of g k has the same structure as in the perturbative analysis, see equation (5), β g = ǫg − bg 2 . It is possible to show that the coefficient b is a universal number, i.e. it is independent of the shape function, and its value is given by b = 38 3 [13] . If, additionally, scalar fields are included, then it reads b = 2 3 (19 − c), where c denotes the number of scalar fields. Thus, the standard parametrization gives rise to the universal number for the critical central charge
in agreement with the perturbative result (7).
B. Results for the new parametrization
We refrain from presenting details of the calculation and specify some intermediate results and β-functions in appendix B instead.
Results in 2 + ǫ dimensions
Considering equations (B6) and (B7) for d = 2 + ǫ and expanding in orders of ǫ yields the β-functions
with b = 
where we have dropped higher orders in λ, g and ǫ, since it is possible to prove that the fixed point values of both g and λ must be of order O(ǫ). Some of the threshold functions Φ (cf. [13] ) appearing in (19) and ( Due to the occurrence of ǫ −1 in the argument of Φ 1 0 , the λ-dependence does not drop out of β g at lowest order, but rather the combination λ/ǫ results in a finite correction. As an exception, the sharp cutoff [17] implicates
for all standard cutoffs, and b = ln(1 + w)+ C is determined up to a constant, which, for consistency, is chosen such that Φ 1 n (w = 0) agrees with Φ 1 n (0) for some other cutoff [17] . In the limit n → 0, however, the w-dependence drops out completely, and Φ 1 0 (w) sharp = Φ 1 0 (0) other . Since Φ 1 0 (0) = 1 for any cutoff, we find Φ 1 0 (w) sharp = 1 ∀w. [18] , the "s-class exponential cutoff" [21] and the sharp cutoff [17] . In addition, we might set λ = 0 by hand in (21) such that the result can be compared to the perturbative studies [9] where the cosmological constant is not taken into account. If we do so, we find indeed c crit = 25, reproducing the perturbative value given in equation (8) . For nonvanishing λ, however, the critical central charge is cutoff dependent, as can be seen in table I. In conclusion, the nice (and expected) result of a universal value c crit found for the standard parametrization cannot be transferred to the new parametrization. Nevertheless, we obtain a number close to 25 for all cutoffs considered.
Results in 4 dimensions
Our analysis in 2+ǫ dimensions suggests that results in the new parametrization might depend to a larger extent on the cutoff shape. In the following we confirm this conjecture by considering global properties of the RG flow for different shape functions.
i) Optimized cutoff. An evaluation of the β-functions in d = 4 gives rise to the flow diagram shown in figure 2.
The result is fundamentally different from what is known for the standard parametrization (cf. figure 1) . Although we find again a Gaussian and a non-Gaussian fixed point, we encounter new properties of the latter. The NGFP is UV-repulsive in both directions now. Furthermore, it is surrounded by a closed UV-attractive limit cycle. The singularity line (dashed) (where the β-functions diverge and beyond which the truncation ansatz is no longer reliable) prevents the existence of globally defined trajectories emanating from the limit cycle and passing the classical regime, i.e. there is no connection between the limit cycle and the Gaussian fixed point. Trajectories inside the limit cycle are asymptoti- cally safe in a generalized sense since they approach the cycle in the UV, and they hit the NGFP in the infrared, but they can never reach a classical region. Note that the limit cycle is similar to those found in references [3, 4] which are based on nonlinear metric parametrizations, too.
ii) Sharp cutoff. The flow diagram based on the sharp cutoff -see figure 3 -is similar to the ones found with the standard parametrization. There is a Gaussian and a non-Gaussian fixed point. The NGFP is UV-attractive in both g-and λ-direction. There is no limit cycle. Due to the singularity line, there is no asymptotically safe trajectory that has a sufficiently extended classical regime close to the Gaussian fixed.
iii) Exponential cutoff. The exponential cutoff with generic values for the parameter s gives rise to a flow diagram (not depicted here) that is somewhere in between figure 2 and figure 3 . The NGFP is UV-repulsive as it is for the optimized cutoff. However, there is no closed limit cycle. Although a relict of the cycle is still present, it does not form a closed line, but rather runs into the singularity line. Again, there is no separatrix connecting the fixed points. Varying s shifts the coordinates of the NGFP. For s ≤ 0.93 the fixed point even vanishes, or, more precisely, it is shifted beyond the singularity, leaving it inaccessible. Thus, the NGFP that seemed to be indestructible for the standard parametrization can be made disappear with the new parametrization! In summary, fundamental qualitative features of the RG flow like the signs of critical exponents, the existence of limit cycles, or the existence of suitable non-Gaussian fixed points are strongly cutoff dependent.
IV. RESULTS: BI-METRIC
For the bi-metric analysis [15, 16] we consider the truncation ansatz
It consists of two separate Einstein-Hilbert terms belonging to the dynamical ('Dyn') and the background ('B') metric with their corresponding couplings. To evaluate β-functions we employ the conformal projection technique together with the Ω deformed α = 1 gauge [16] .
A. Known results for the standard parametrization
We quote the most important results obtained for the standard parametrization [16] . Since the background couplings G B k and Λ B k in the truncation ansatz (22) occur in terms containing the background metric only, they drop out when calculating the second derivative of Γ k with respect to h µν , and hence, they cannot enter the RHS of the FRGE (11) . As a consequence, the RG flow of the dynamical coupling sector is decoupled:
Dyn ) form are closed system, so one can solve the RG equations of the 'Dyn' couplings independently at first.
On the other hand, the background β-functions depend on both dynamical and background couplings. Therefore, the RG running of g B k and λ B k can be determined only if a solution of the 'Dyn' sector is picked. With regard to the Asymptotic Safety program we choose a 'Dyn' trajectory which emanates from the NGFP and passes the classical regime near the Gaussian fixed point. This trajectory is inserted into the β-functions of the background sector, making them explicitly k-dependent. The vector field these β-functions give rise to depends on k, too, and possible "fixed points", i.e. simultaneous zeros of β B λ and β B g , become moving points. The UV-attractive "moving NGFP" is called running attractor in [16] . In figure  4 we show the vector field of the background sector at k → ∞ and the RG trajectory (thick) that starts at the k = 0 position of the running attractor and ends at its k → ∞ position (w.r.t. the inverse RG flow). As argued in [16] , this specific trajectory is the only acceptable possibility once a 'Dyn' trajectory is chosen: It combines the requirements of Asymptotic Safety (it approaches an NGFP in the UV) and split symmetry restoration in the infrared.
Recovering split symmetry at k = 0 is of great importance. We mentioned already in the introduction that the background metric is an auxiliary construction, and physical observables must not depend on it. Thus, physical quantities derived from the full quantum action Γ = Γ k=0 are required not to have an extraḡ-dependence, but to depend only on g. In the standard parametrization, where g =ḡ + h, this means thatḡ and h can make their appearance only via their sum (which is split symmetric). Hence, the claim of split symmetry originates from requiring background independence. Within the ap-proximations of [16] 
For any appropriate choice of initial conditions in the 'Dyn' sector there exists a unique trajectory in the 'B' sector complying with this requirement in the infrared. This general result is independent of the chosen cutoff shape function.
B. Results for the new parametrization
We aim at finding an asymptotically safe trajectory that restores background independence at k = 0. (In the context of the new parametrization we do no longer call it "split symmetry" in order to keep the nonlinearity in mind.) We present some intermediate results of the calculation in appendix B 2, where we mention the differences to the standard parametrization on the technical level. In the following, we discuss the differences of the resulting RG flow and its dependence on the cutoff shape.
i) Optimized cutoff. An evaluation of the β-functions in the 'Dyn' sector gives rise to the flow diagram displayed in figure 5 . We discover a non-Gaussian fixed point, but it is rather close to the singularity line. As a consequence, all trajectories emanating from this fixed point will hit the singularity after a short RG time. It is impossible to find suitably extended trajectories: they do not pass the classical regime, and they never come close to an acceptable infrared limit. For this reason it is pointless to investigate the possibility of restoration of background independence. The background sector exhibits a UV-attractive NGFP, too, but due to the lack of an appropriate infrared regime we do not show a vector field for the background couplings here.
ii) Exponential cutoff. We find the same qualitative picture as in figure 5 which was based on the optimized cutoff. The exponential cutoff brings about a UVattractive non-Gaussian fixed point, but there are no trajectories that extend to a suitable infrared region. Thus, there is no restoration of background independence.
iii) Sharp cutoff. The β-functions of the 'Dyn' couplings lead to a Gaussian and a non-Gaussian fixed point. We observe that β Dyn λ is proportional to λ Dyn , so trajectories cannot cross the line at λ Dyn = 0. However, there are trajectories that connect the NGFP to the classical regime, comparable with the ones found for the standard parametrization. Once such a trajectory is chosen, it serves as a basis for further analyses since it can be inserted into the β-functions of the background sector to study the corresponding RG flow. In this way, we find the same running attractor mechanism as in section IV A for the standard parametrization. As can be seen in figure 6 , there is an NGFP present at k → ∞, suitable for the Asymptotic Safety scenario. The thick trajectory is again the unique one that starts at the k = 0 position of the running attractor and ends at its k → ∞ position. Even if the curve has a different form compared with figure 4 , it has the same essential properties. In particular, it restores background independence in the infrared. Since, in addition, it is asymptotically safe, it is an eligible candidate for defining a fundamental theory.
To summarize, the possibility of finding a suitable RG trajectory combining the requirements of Asymptotic Safety and restoration of background independence at k = 0 depends in a crucial way on the cutoff shape for the new parametrization.
V. CONCLUSION
We have investigated the properties of the "new" exponential metric parametrization g µν =ḡ µρ (e h ) ρ ν , which has been contrasted with the standard background field split, g µν =ḡ µν + h µν . When inserting the exponential relation into the classical Einstein-Hilbert action and expanding in orders of h µν we obtain
Thus, the equations of motion are given by the standard ones,
Ḡ µν +ḡ µν Λ = 0, i.e. the two parametrizations give rise to equivalent theories at the classical level. Since the quantum character of gravity is not known, there is no reason, a priori, to prefer one parametrization to another. So far, almost all Asymptotic Safety related studies considered the standard parametrization. In this work we focused on the new one instead.
We have shown that there is a one-to-one correspondence between dynamical metrics g µν =ḡ µρ (e h ) ρ ν and symmetric fields h µν in the exponent, which is particularly important from a path integral perspective. It remains an open question, however, if this correspondence can be transferred to Lorentzian spacetimes in the sense that g µν andḡ µν have the same signature when related by the new parametrization.
Do we expect different results for the two parametrizations at all? According to the equivalence theorem, a field redefinition in the path integral does not change S-matrix elements, but this is an on shell argument, where internal quantum fluctuations are integrated out completely. In contrast, in the effective average action Γ k fluctuations with momenta below k are suppressed, and nowhere in the FRGE do we go on shell. Therefore, we expect differences in β-functions and structures of the corresponding RG flow, indeed.
Even the role of Newton's constant is changed for the new parametrization. This can be understood as follows. In order to identify Newton's constant with the strength of the gravitational interaction in the standard parametrization, one usually rescales the fluctuations h µν such that
In this way, each gravitational vertex with n legs is associated with a factor ( √ 32πG k ) n−2 . For the new parametrization we can consider a similar rescaling of h µν , leading to the same factor appearing in the n-point functions. The difference resides in the fact that there are new terms and structures in Γ (n) k when using the new parametrization. As already indicated in equation (14) , these additional contributions to each vertex are due to the chain rule. Hence, Newton's constant is accompanied by different terms in the n-point functions.
In fact, these general considerations are reflected in our findings. To summarize them: 1.) We find quite different β-functions and new structures in the RG flow. 2.) The calculations based on a type I cutoff result in a strong dependence on the cutoff shape function.
This can be seen most clearly in d = 4 dimensions. In the single-metric computation we encountered a limit cycle and a UV-repulsive NGFP for the optimized cutoff, whereas the sharp cutoff gives rise to a UV-attractive NGFP without limit cycle. Furthermore, in the bi-metric setting with a sharp cutoff there exists an asymptotically safe trajectory that restores background independence in the infrared, while it is not possible to find such trajectories when using the optimized cutoff. It is remarkable and somewhat unexpected that the sharp cutoff leads to the most convincing results.
Our observations seem to suggest that results based on the new parametrization are less reliable or even unphysical. On the other hand, the strong cutoff dependence compared to the linear parametrization could be seen from a different perspective as well: If Quantum Einstein Gravity with g µν =ḡ µρ (e h ) ρ ν is asymptotically safe, probably more invariants in the truncation ansatz are needed to get a clear picture.
Moreover, it can be speculated that the strong dependence on the cutoff shape might be a peculiarity of the type I cutoff. As has been argued in [4] , in some situations the type II cutoff leads to correct physical results, whereas the type I cutoff does not. Future calculations may show if a similar reasoning applies here as well, i.e. if the essential properties of the RG flow obtained with a type II cutoff do not depend on the shape function to such a great extent. We conjecture that the limit cycle is a consequence of a nonlinear parametrization in combination with a type I cutoff. Instead, a type II cutoff might lead to physical and stable results so that the advantages of the new parametrization become more apparent.
In d = 2 + ǫ dimensions we can reproduce the critical value of the central charge obtained with a perturbative calculation, c crit = 25, when the cosmological constant λ is set to zero. For nonvanishing λ we find a slight cutoff dependence of c crit , but it remains still close to 25. Since it is this number that makes contact to vertex operator calculations and other established CFT arguments, the new parametrization seems to be "correct" in a certain sense after all. Theorem 3. Letḡ be the background metric and g be any dynamical metric at a given spacetime point x. Then there exists a unique real symmetric matrix h satisfying g =ḡ eḡ −1 h .
Proof
Existence: Let againḡ 1/2 be the (real and symmetric) principal square root ofḡ. The key idea is to rewrite the defining equation as follows. 
We observe that the left hand side of equation (A9) is symmetric and positive definite (z Tḡ−1/2 gḡ −1/2 z = (ḡ −1/2 z) T g (ḡ −1/2 z) = y T gy > 0). According to theorem 1, there exists a unique real symmetric matrix H satisfyingḡ −1/2 gḡ −1/2 = e H . Setting h =ḡ 1/2 Hḡ 1/2 and noting that h is real and symmetric proves the existence. Uniqueness: Since there is more than one square root of g in general, it remains to show that the h constructed above does not depend on the choice of the root. Assume there exists another symmetric solution h ′ corresponding to another square root (ḡ 1/2 ) ′ , i.e. g =ḡ eḡ 
where we use the principal rootḡ 1/2 on all sides. We already know that the symmetric logarithm of the LHS is unique. Therefore, the exponents on the RHS have to agree,ḡ −1/2 h ′ḡ−1/2 =ḡ −1/2 hḡ −1/2 , and finally h ′ = h, completing the proof of uniqueness. 
Bi-metric
The conformal projection technique consists in setting the dynamical metric to g µν = e 2Ωḡ µν . In the following, we denote this projection by (· · · )| pr . For the new parametrization, g µν =ḡ µρ (e h ) ρ ν , it is equivalent to setting h ρ ν = 2Ω δ ρ ν . This affects the derivatives of g µν w.r.t. h ρσ appearing in equation (14) as follows, After applying the conformal projection and choosing the Ω deformed α = 1 gauge for the same gauge fixing action as in reference [16] (or, more precisely, its "g µν -version", cf. section II), we obtain the Hessian in the ghost sector. Compared to [16] , the Hessians for the ghosts have not changed, but the one for the graviton is different: (a) The terms in the curly brackets in (B10) have changed, in particular, the cosmological constant term is proportional toḡ µνḡρσ now, so it drops out of the traceless sector as it did in the single-metric computation of section B 1. (b) The numerator of the prefactor has changed from e (d−6)Ω into e (d−2)Ω , signaling the special role of 2 dimensions. We include this factor also in the cutoff R k .
The β-functions are determined as in [16] by inserting the Hessians into the FRGE and projecting the trace onto the corresponding invariants. Since they contain a large number of terms, it would cost several pages to write them down, and we refrain from presenting them here. Instead, we show the resulting flow diagrams and analyze their properties in section IV.
